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CHORDWISE LQOAD DISTRIBUTION COF
A BIMPLE RECTANGULAR WING*

Bv Karl Wiochardt
|. SEVERAL VORTEX TFILAMENTS.

In the airfoil theo=y of Prnndtl (referoence 1) the
wing is replaced br » 11ffting vortex filanent whoso circu-
[ation waries over the svan. By this aethod the "Ziret
probl em of airfoil theor-," namely, for a given |ift dis-
tribution to dotermine the shnpc of the airfoil, was
sol ved. The inverso "socord problom," namely, for a given
wing to determne the |ift distribution, was then sol ved
by Bets (reference 2), the conputation being: sirpler for
small aspect =atlos than for large ones. For the latter,
an approximate solution was obtained by Prefftz (refer-
ence 3). The answer was thus found to the most inportant
practical question, nanely, the nanner in which the wing
forces are distributed along the span.

The chord~ise distribution theory was sinmply taken
over fron the theorr of the infinite wing. The Ackermann
fornulas, published by Birnbvaurn (reference 4), in which
the infinite wingwasreplaced by a plane vortex sheet -
on account of their linearized forn permit al so applica-
tion to the finite wing and this applicatlion wes carried
out by Blenk (reference 5) for the rectangular wingzg.
Since in this work a series expansionin ©b/twas used,
the computatlon converzes only for large aspect ratios.

In the preseat panerauseful epproxzimate solution wll be
found also for wings with large chord - 1.e., small aspect
ratio.

Anot her nethod of investizating the |ift fistridbu—-
tion along the two dinensions (span and chord) was found
b» Prandtl, (reference 6) in his use of the acceleration
potentifal. ° This rethod assunes, kowever, ‘that the poten-
tial 4s known for a suitable nunber of source distridbu-

*ntiver die Auftriebsverteilung des einfachen Rechteck-
fllcels iver die Tiefe." Zeitschrift flir enzewandte
Mathematik und liechanik, vol. 19, mno. 5, Cct. 1939,
PP. 257-270,
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tions over the horizontal preojection of the wing. The
first application was nade by EKinner (reference 7) in his
work on the wing with circular plan form since these
functions areobtainable for the circle, The pethod ep-
pears, however, for the present to offerno prom se for
the rectangular wing, since no expansion Of the potential
into a series of known functions is krown for therec-
tangle. Bar this reason the conputation In the present
paper wll still be conducted br the vortex-shset nethod.

For accurate investization of the [ift distridbution,
the wing nust be replaced by a vortex saset., A qood idea
of the distribution can still bde obtained if the wing 1s
represented vr a finite number of discrete vortex filanents,
and the necessary anount of conputation is there-by reduced
consi derably as conpared with the continuous circul ation
distribution. This isbecausein tha case of tke vortex
sheet, tae condition that the conponent of the induced ve-
locity at right angles to the wing shoul d be equal to that
due to £ne flOW, sgives rise to ean integral equation. Bor
i ndi vidual vortex filaments, however, this flew condition
need be satisfied exactly only at single points, so that
only a system of |inear equations is obtained. Flsgure 1
shows such a vortex system for which the conputati on was
carried out. In ordertaat the results obtained from
using only a few vortices, Or even asingle one. be as
accurate as possible, the distance ofthe first vortex
filament from the leadinz edge is taken to be af4. It is
knova fron previ ous work that the eirculation ir the nei gh-
borhood of the |eading edse increases as 1,/x; the fore-

most, strongest vortex aiich sives the circulation contribvu-~
tion from tho leadinz sdge t0 the forenost =oiants consid-
ered, then lies exactly at the ceater of pressure of the
forwvard |ift portion because the center of gravity of » =
e/Jx lieu at s = x/3. The points at which the total vo-
locity at rigat angles to tho wing i S nmade tO wvanish, lie
Lin the center betwuwer tWO vortex lines and at x = t ~ a/ 4.
Tho wing 1s a pl ane rectangzular plnto of zero thickness
with chord t =aa for =n vortices. Tho notationis in-
df cated 4n figure 1. The coordinates of _tho »otat A aro
x* and y*. The velocity at rizht angies tO “ae xy
pl ane. inducel by the bound and traili=g vortices cf the
ypoint A IS tken given by the Biot~Savart law:

—
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- - +b/2 ..l ) \
- : ;1 Pi(Y) dy
vy = I Z; = 8 «¥8137/8
1 v Exi + (y - y*7]
-b/2
+.D/2 d.l"i(v)
T &y _ 4y (1)
J__ _—— . 8 ¥y - ;r*
—v/2 xg + (v =)
+b/2 -
_ 1 /P 1 ar(y) — T
am U i dy - x4 = x* xil
~-bv/2 J

The fir-t intesgral, which arises from tze bound vortices,
3lves after irtogration b7 norts:

[ (v = ¥*) () ]+b/?
X3 v/ixi + (x -~ y%)° ~b/2

+b/2 I
™ - di (- )
B u/q a = ) el ay
) _I-ia + (V b :‘7*)3 dy
-2/2

The firet expression wvanishes since. the circulation at the
tips Lust be zero; I (+2)=o0. Thore is thus obtained
"A *

+b/2

2 ar T o (eo®)®
neekn [ D2 oAl e o
~b/2

v -ii
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Since I'y (y) decreases fromthe center of tae plate to-

ward the tips, 9’%-:,12 < 0, and hence wy >0. TFrom t ho

conditior WA = v sin a, there are obtained for m points

m ocquations 1wy . VPR =wAm=VSin a. It IS taus

possi bl e either toassunethoeamo spaawise Ccirculation
distribution - for example, the elliptic for all n =mn
vortices = or set up a series expansion wita r undctor-
nined coefficients for = = m/r Vvortices.

An exanple by the secord nethod will ffrst %vo comput-
ed. For this purpose, “he following transformatioa of
coordinates i S made:

b b — b
y = zcos @, y* = jcos @*; X3 =X ~xy =38
b b *
SO thet - 3 Sy s 5 corresponds o m 2 @ 2 0. Egquatior

(la) taer becomes:
n ™
g
1 zi [ 1 -
J COB ¢ - cos @

WA—

( /6 +'coscp-coscp) ar, (¢)
8y ’ dwo

ap  (2)

M

For each Iu (»), atrigononetric series that contains oz~

ly thesin (2v + 1) @ terns was assuned, sizce the rela-

tions are assumed symmetric W th respect to )the wing con-
ry . a .

ter: 1"1(CP) =Tyeino (1 +ai( )Sln Cp+a.i‘ sin 3 o).

Taus for each vortex filmnent, there are three undeternmired

4
coefficients Iy, ai(l). and ai‘a) . Be the= h- -e
= Iy (cos @ + Zai(l) sing coso

+ ai(a) cos @ 8in 3p + 3'3-:!.(2) sing COS 39p)
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Substituting this expression in equation (2), there is ob=
talned: .-

(1)

b St 2—TFD 1{ o=t oay £, (83, cos @) *

\ e af®) g 84y cos o) ()

where tze functions £, and f£5 are nade up ,of intezrals
which nmay be evaluated by elemen.ary nethods. The inte-
gral J, which 4&s also a function f61 and cos @* is,
in any particular case to be determined.ty zraphical or

nunmeri cal nethods. The intesral i s

cosg 8 + - a
f—_ucoscp e / ] (cos cos @*)
m
=f (cos @ - cos ") coa @ dp + m 8
2 a . Y 1
84 ""/51 + (cos @ - cos @ )

for 84 and cos” > O. Through this tr-~nsformation the
singulprity at @ —» @* 1ans bean removed. Since for each

vortex line there are three undeterm ned coefficients, the
flow condition can be satisfied for each set of three
points between two |lines and for three roirts at x =

t - al4. On account of tie symmetry 3ng different pointa
may be chosen on a half wing and for the corresponding

poi nts, symnetrical with respect to the center line of the
plate, the condition WA = % sin a is then autonatically

satisfied. Altosether, therefore, the flow condition is
acouratelp satisfied for 6n points or, in case one of
each set of three points |lies on the centor lize, for 5n
points. The entire conputation is based on the expecta-
tion that the condition wy 2V sin a w11l be, on the

averege, satisfied at |east approximately, al so at other
points of the surface, and that the singular behavi or of
along each of the lifting vortices will not kave too
Iqﬁ,‘q a.h effeot on the approxinmate conmputation of the cir-
'cul 2lthengh nerodynanicenlly this can oaly be jus-
tifi ed ;. ocondldering the mlate as renlgced by several
winge lying one behind the-other, oachrepresented by a
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vortex filament. The choice of the number of vortex file
anents n IS, for practicalreasons, rostrictcd sirco-
whi | e the nunmber Of points cocsidared imereasos only lin-
early& withk =n, the required conputation Fork of solving
the system Of '3z equations increasos at a greater rate.

The nunerical comnytation was carried qut for the fol-
lowing case: n = 4, @ = 30° (1509), 80° (120°), ard 90°
(center line) with b = 4a, correspording to an aspect
ratio of A =Db/t =1. (See fiq. 2.) The integral J

(3 (+ 8 = J (= 8,)). wns detercined for the four values
1/4, 3/44 5/4, 7/4 wilck are assumed by 83 and, on ac-
Count of the symmetry, for only three walues of COB o™
For o* = 90°, an ellimntic *ntegral of the second kind is
obt ai ned for J. Fror the functions £, (84, cos ) ~nd
fy (84, cos ‘@H, the coefficlents Were obtainel for a sra-
ten of 12 equations which Was solvod dr the usual elinira-
tion process wita the conputation macainesince tho system
could rot bosolved b7 lteration. As tho conputation was
carried out to only five dezimzl places, it was afterwnrds
found tn be of .insufficient accuracy fortho deternination
of tae | ast three unknowns; tte circulation of tho rearrost
vortex filanont, trerecors, coal & ornly be esilmated by ox—
trapolation. For the remaining circul ati ons, thore wns
obtained:

I, =+40.7% b sina I, = +0.116,bV sina I, = +0.058,.b7 sina
ol = -0.136, a{t) = 40.564, a{) = +0.245,
dag?) = +0.005, a{2) = +0.001, af@) = -0.061,
Those circulation distributions are shown on figure 3.
Irtegrating ovor the span:
o™

/
P T %U/nrl(¢) ein @ d» = p V g Pi \

0
these mav O coneidered br tho Kutta~Joukowsky t hooron as
the |ift contributions ofthe individual wing strips (along
the chord), Tho lift ISthen distributed as foll ows:

+ % ag (1) . _l_%g a:("))

VIE |
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Fron the |eading edge to 3t/16: &y -0.512, pbt¥® sin a

Prom 3t/16 -to 7t/16: A7y = 0,133 n
From 7t/16 to 11t/16: Appy = 0.055s "
From 11%/16 to trailling edsge Agy = 0.02 I
The total lift 1s A=3x,A, = 0.725 p d £ 7° sin a and

. o - .

the lift coefficient cg = 4/ 5 % t ¥v3 = 1.44, sin a. The
nmonent about the leading edge IS obieined as the sum oOf

the nonents of tHhe several strips: M = t/16 (Al + 5Arg +
94771 +'13A7y) ond the noment coeffiecient cm = 0.24, sin a.
The nosition of the center.of precsure iS' obtained from

9 = 2—2 t = 0.16, t, where S is tho distance of +the cen-—

ter of pressure fromthe leading edze. Finelly, for the

™
J I‘i(CP) sin @ do
forward three vortices the factor vy = -2 €9 3)
2(1+ay ' ‘-ay )

can bc det:rmincd: v, = 0.80g, vz = 0.74,. 5= 0.73,.

Sinco for all vortices this factor is approximately
‘equal to w/4 = 0.78g4, 1t apooars justifiable - at |east,

for deep wings, that is, snmall nasmeet ratios A = b/2 =~ to
assunme initiall;r an elliptic spenwlee lift distribution and
so consldarauly simolify the computation. The fact that
this essumptfon. according to the above computed exanpl e,

18 not quite ap»licavle to the roar vorticeos, is of no zreat
i nportance on account of the strozg rearward drop in the
circul ation,

Since for elliptic digtribution there is only one un-
detormined ccefficient fOr ecaea vorbex lino,. nanmely, the

circulation Ta in the conter of tas span, the flow .condi-
tion wy = V sin a can also bo satisfied at only one poiznt
(and the moint symmetrical Wth resgnct to the center |ine)

-betweer each two lines g=d at = = 15t/18, For this rea-
son, the assumsd peints are takun ON tie certer |line and in
the certer tetween ench two sucaerdirz lines, and tae | ast
at x = 15%/16. Te then have y* = 0, x*-= i (Ik+1k+1)-
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- f at.
for the rearmostpolntx®*= 15t/16 and X3 = *5=, &£5=

2(n-1)t : .
+ 2;1]'. where n IS the nunber of vortices. Substi-

tuting Iy (y) r /11 Y, dhle) 3 L4
u = o |———1, - —
2% ity 1 b/2/ ar 22 /). (___I__)a
2/ \(b/2)

into equation (la), there is obtained for the induced weloc~
ity at tre point consi der ed:

+b/2
Wy = _lg ;i 1 /1~+“ Eia x Fa 3dy
-b/2 (‘b%/
+b/2
n
_ il sir b, f / 7—— & 1
w2 1 1 1'r 2 Yy 7

-'b/2 1= \72) J

Tze el [iptic socond integral i S roducod to the normal form
br th substitution y = b/2 cosy, <that there is ob-
t ai ne

= = zir {Z+ eI x (. bE_ E)} (4)
R xi 4/ Ii +('D/2

where X is tha complete elliptic integral of the second

n/2

wa

. /2
ki nd E(k, §)=f41 ~%2812®V dy with nodulus k =

0

= ﬂb/Z « This function is tabulated, for exanple
J xi® + (v/2)?
i n Jahnke-Emde: Funktionentcfeln. | t
limising value for k¥ = sin @, 0SSk <1, O
end iz the <bove equation for o > | 0:
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The oxpression in parontheses in equation (4) gives
‘the coefficlents for the linear nonhomogeneous srstem oOf
equations for tbe =n tnknowns I'), T'o . . I'n. Putting 2b

on the risght side, it reads 2b V sin a for all equations,
on account of the condition ws = V sin a. The coefflclents

,of the principal diagonal are all equel and similarly in
eaoh diagonal from upper left to |lower right. Thus, for
exanple, for A =86, =n'=4; that is, x4 = £ b/40,

e 3b/48, = 5b/48, = 7p/48, t h e svstem becomess

16,346, ) = 14.348; Ty = 4.250S 1 -~ 2.2843 I, = 2b ¥ sin a

ad
1

4.250s [ = 2b Vsin a
4.284, I + 6.250s I + 16.3461 Iy - 14.346, I3 = 2b ™ sin a

3.4704 I, + 4.2845 I3 + 6.250s Iy + 16.346; I, 2b VSin a

with the solutions
') =1.3344 t ¥ sin o I =10.328, .t Vsinx
Ip =(.5F85 t Vsina I, =0,179, t V oin o

The lift contributions fromthe four strips of the wing
are: Ap =1.048, bt v oina, Ayy =0.478 b t V cin g,

A71y = 0.257s bt V sin a, Ary = 0.143, bt Vsin a;

the coerficlents: cg = 3.76s sla c.. ey = 0.754 sir? a,
ep = 0.925 sin a, and the distance of the center of pres-
sure from tho leadirg edge s = 0.24, t. A conparison of

the results by this nethod and those bw¥-the Vortex-surface
nmet hod will be nmde in the third section.

Still sinpler is the 1imniting case of the above sys-
ten for n = 1. The conputation is thenrn rade with a vor~
texwlth sparwise elliptic circulation distribution at the
diatanco t/4 fromthe |leading edge'. Tho single point
consfdorod 11lies at X = /4 t. The ceznter of pressure, ac-
coréing to the assunption thon, always-lies at s = t/4,
which 18 sufficiently accurate for rather large aspect ra-
tios A > 3, as shown by.the conputation with tho vortex:
shoet.  The circulation and thre.coofficlents in this case
can, in general, be explicitly exnressod:
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. 2b ¥V sin :
;2-'«/1+}\3]:( E
_ mT A gia o l 2 -1
Ca = =1 Cpa.= _"- Ca sCnm 4—— ca
1 ./ ¥ N E __.__..___,__

a

With izfinitely increasirg aspect ratio there is thua od»-
a

talned a 1liciting value for eg : lim cy = T_ sir a. Fron
AN = o 2

the potential thoory,ontae other hand, there is obtaired

for tho wing with infinite span cg = 27 sin a, This dif-

ference is readily explainable from the fact that eolliptic
circulation distribution (that is, £actor 7, previously
defined, equals n/4) has been assuned above. Acrording to
Betz, however, this feector for rectanguler wings Hecones
larger with increasing A up to the 1liriting wvalue 1 for
A —>o. Hence, rultinlying by 4/m, rvre have nctunlly

4 -1im
A wte = (ca)

pot
It is nrow siople tOo refine this method by assucing a

trizonometric series for I'(yr) ty = -;3 cos ®, I'(p) = I"'sin

(1 + agsine@ + . . . ag Sin n @), Ther, a3nin, equation (3)

is obtained -~ thin tine for ore wortex with 83 = 1/A;
that 1s, Wthout the sucmatior sign. The drog ic detorrcined

™

fron Wa=p gb I_/.I“(CP) w(®) sin @ 49, where w(p) =

™ o
1 y .
—_T\/ 1 ar(e) dp, and there is obtained Cys =
am cos ® ~cos @ t 4dop -
a
o4, 4 + 2 8 4 . h : .
(2 z 81 = a1 Co F—_.; In the exncples there wns

got: I'(®) = Fein @ (1 + &, sin @), @,* = 30°,p,*=60°,

weich corresponds to y* =_VZ§ b, ¥,* =34.’. On fizure 4

the lift-distribution coefficlent is plotted ajalnst the
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- aspect-rati o. It nay be seen that the experimentally ob-
tained lift coefficients (rdference 8) are very closely
approached by this sinple aanputation

The following table is to be used in connection with

figure 4:
A Ca | Cw Cm v
-0 -3 Asin o -7 Asin® o -2 Asin a .
2 | 1 T8 i
a/7 0.89¢ sin a 0.41, sin® o 0.22, sin a | 0.785,

4/z 1.8, sin a I 0.78s sin? a

. I
6 4.2023 sSin a | 0.933 8sin® o

0,454 sin a | 0.788g

1.05; sin o | O, 8587[

|I. VORTEX SHEZT

With ths method o0° cilgercte vortex filanmerts, a fur-
thor reiimoment ian tho |ift distridbutior — hence az in-
crease in the accuracy bvr ineroasinsg the nunbor of vorti-
ces ~ is practically excluded on account of tho computa-
tion labor iavolwved. It wes *herefore carried to the lim-
It n —» oo, ard an attempt was nade by aralztical methods
to restrict the computatior Work as far as possibdle. On
increasing n, the circulatior contributed vy each of the
vortices and their distances arart become smaller up to
the 1initing case n —» . when tke circulation distridbu-
tion becormes a surface distribution. The dinensions of
this surface distribution +¥(x,¥) are circuletion per
unit chord, that iS, centineters per socond. An infinitosi-
nal vortex ¥(x,y) dx inducos, according to equation (1),
at aay point of the surfaco, the ® yolocity:

+b/2
dwy = L ;/p (x*-x) ¥(x,y) dx-
- 4 [(x*-x) +(z=y*)®]*’"
-b/ 2
+b/2
- L 1_ a¥(x,y) 1 x* - x
4m v-y* .3x ax !.1 * / Y 8 N a.]i il
-b/ 2 (x*~x) +(y-r*)

T



'Es

[-2 NACA Techni cal XemorandunmNo. 963

where a i1ssassumed snmall enough so that gin® @ = 0 ard
cosax 1. The equation would te strictlyrtrueif the
trailin3y 7Tortices were Sbod in the direction of the wing.
Intosratizg the first integral by parts, thore is agaicr
obteined, on account of ¥ (x, y = = b/2) = 0,

- +pv/2 .
a bl
=~ L [ ax /P u/?;*-r) +(y=r*) 1 3av(x,y)
A 4w y t (x*~x) (y=y*) * r-y%} v 7
o -b/ 2

The condition wy = V sin a 3iwes, after a transformation
of coordinates,

31 +12 -
x =.t/2(1 + ¢) f f f/(g*-n‘ﬂ‘(n-n*)a
y = v/2 10 J L e (e
1 avee.n
+_ﬁ:]+ﬁ;]_d_!_(.§_ﬁ_rl dtdn = 4w AV sin o (5)

Thig i S o two—-dimensionnl linear integral equation of the

first kind iﬁlé%fﬂl On account of the singularity

of the kernel at the vmoint considered for E>t , this

- 0>
equation could not be sol7ed eTen approxinately since the
usual rethod Of anproximetinsg the kernel by a rolynoninal,
nggunes continuity. Al so the particular nrovert:r of the
kernel on which it depends ((-~ t*) and (1 - M*) could
not be uaed for a solution metkhod.

The onlyr recourse therefore is to sinplify the inte-
3ral equati on b» au nerodrnanically reasonable assurption.
It was thus assumed that the spanwise circulation distri-
bution is the eame for nll ¢, Tais results iz a lowerinz
of the order of txe integral equati on. althousgz tae flow
condition can then no longer be satisfied ovar tae ontiro
wiag but only on a straizht line M* = corst. FOr ob7vious
reasons ‘olliptie distridution was assumed over the span.
aad M* = 0; that le. tho flow condition was tOo be satls-
fied on the center 1line nf the plate. For theece points of
the surfnce then, the corndition vy = V sin a is requirod,
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and for other point's it iIs expected-thit the deviation
fron this condition-la mnot too larges -

ey AT A L )
with Y(E,M) = Y(§) S n“. M T ¢
and TN* = 0, equation (5) sinplifies to the followirg:

+1 +1 _ - _

f Y(t)dﬁf{f(f:—paJ’f na+l}—n—— an = 4rA V ein o
J
-1 -1

(g -§)n n o 1_1-]8

In the integration withr respect to T, on ellipticintegral
is again obtai ned:

w/2
e X s
1+ 22— i /1= ; i? paop,
v &* -7 J R+ -p)? :

with T = cos ®, 8¢ thst

1%

<+

f \( J(§'~§)a+7\3

A ’ n +E 5
(€ -t) (Jﬁ+(g‘-;)9 2)- 2]

—‘1 L)
o1 A ¥ sia @ (6)

Rk . .
Correspondir® lntegral equati ons cen also Be set up for.
airfoils with arbitrary plan form symmetricel with respect

to the center 1ine. |If %bB(t) |la the spen, varving with
the chord, equation (5) btecomes:

£y = 20 PR BT ;ﬁ)"u‘*m(n n*)°
AE) =B =/f{ YT

L (EV- )\ (n-T*)
1 }a'v(g,.m 1

T 3N W) d¢ 4N = 4m V sin a

(Continued on p. 14)
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Equation (5) is tbus reduced to a one-dl nenefonal 3integral
equati on. The kernel, it is true, has become rore comnll-
cated, and the singularity for ¢t —» t* raturally, still
rezeins. Bor the approxirmate solution of this equation,
there is assumed for Y(E) aseries of functions which
Blrndbaum has used in his paper

V(=4 b b AT s Al 2 E )

The four undetermined coefficients 4;,45, A,, 4, are so

deternined that the integral equation icsatisfied et four
noints £; to E4. Since tho kerzel contai=z=g A, it is
necessary to compute each tine for a defi=ite asmect ratio.
T:=e integrations, on account of tkecormnlicated kxerrel,
nust be carried out zraphically Or nunorically. The »ro-
cedure of tie wvery |aborious computation tihus, iS the fol~-
lowinz:

yTegw

?1e four basic functions Y,,Yy,Y5;, and Y4 for a
ceries of values of ¢t froo -1 %n #1, are Zirst conout-
ed; then for thesnme argumerts for a defirnite A the

kornel functions k(A;t*,t) for %re foyr poirts consid-
ered. (In  the examples carried ouf £, = - %, ¢, =0,

t,* = + %,8,* = + 1; them,0a account of 1:(-5*,-g)=
k (£*,8) + m, Xk (~0.5,¢t) = k (+0.5,¢) + w.) Eacr of these
kernel functions is multivliecd by Y, (¢), Ya (E), Ys (E),
Ya(E)

L]
(Contirued froa . 13)

For the elliptic wing thero is obtained for clliptic circu-
Iatlon distribution owver tho span with A(E)=bmyy/t JI=F ¢

{ﬂ_%_i_u_ﬂ_ (2=t , 1)

-6 VR (L-t)+ @ =8 2

—1

b
11'1 T-g-g———dg—?'rerina.' k:—%ﬂ
ga
This oquasion is solvod a.nproxinn.tel:' as in tho case of thc
rectangul ar wing. Tho liniting case A © givos for
+1
p r E—;-]_'_—g- Y(¢)dt = V ein a the solution ofthe potariicel
theorr Y(&) = 2V sin j:.%i-'l with e, = 2w silx a, ¢y =
I sin a, s =% t.
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4y (8) = E(E*,E) Ya(E) 15(8)

(E,*0t) Ya(t)

10 (8) = &(E,*,8) vo(8) 1(8) = (8", ) Ya(b)
1, (E) = x(E,*,8) v, (1)
1,(8) = (&%, 8) Yo(E)

etce to

1,6(8) = k(& ,8) Y (8)

Those 16 functiona nmust now be Integrated graphically or
nunerically: for exarple, by theSinpson rule:

+1
r
lk =3 13 (&) at
-1
Sinece the k(¢*,t) and kence the 1(f) become infinite
for ¢t — E*, it .18 necegsary in the quadrature to 8x-
clude a region t - €< E < t* + € and aporoxinatcly dec-
torrine by anrlyticeal methods the Chuciy prlincipal valuo
E+6

forf 1(t) dé. V¢ thus fianlly “.ove tho cocfficfonts
E-¢

I, for tho linear »norhorogenoous syston Of eqratiorns:

4

1;:ll,,w,.v:\.l,=21-r>\VS|ncc. for w =0, 1, 2, 2Z,.

fron which the AD(A) can bo detormined. TWo then have:

4 “w—— _
Y(AsE,M) = Zva,(A\) Vb(ﬁ),/& - M. Inthis nenner tho cir-
culation distribution was doterriacd for the aspoct ratios
A=1/4,1/2, and 1.

For greater aspect ratios, A > 2, the 16 grapkical
quadratures are not required, but the anprozimate compute-
tion can be carried out analytically. Por this purposo
the elliptic intogral nust approxinmately evaluated for

459 < @ < 90°, Since sin @ = A and lz'—tls 2,
A2 E(Er=t)
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® = 45° 1s tha snallest argument for A > 2. For this
range ZIE(x, w/2) was replaced vy E (x, w/2) =

0.44 J1 = x®. A firet there was set ¥ (x, n/2) =1 +

_.;.__E o

(-‘é—’- -1) J1 -x §""-v xV, but the conputation taea be-
cane so conplicated that there was no adventage w ned
over the previous metkod; E is thus dotermined with an
error walch iS approximately -3 percent for @ = 45% +3.6

percent (maxinum val ue) for @ = 80°, and approaches zoTo
as @ — 90°., For o = 90° t he flrst derivatives aleo
a3 'x 1’)
agreco: lim - :i.i 7/ » - and
X —» 1
. /2
4E (x, -)
1im T=£ lir f = = 81 Pupe-o
r—-1 * =1 g Jl-Psinam
For A > 2 the radical can ©ve c‘evaloped into a »vower s
ries which converzes for ell ﬁ , gince |-§"‘ - g| < 2.
Tith
\
TGN S Y S—
SR+ () v >\2+(§ ~£)
and
* L

A
NEOEr (Rt -3 ()" - & (5]

equation (6) then becomes:

+1

" 1 » \ 1 * 5

f (0 44 sign (E* -g) + 2) y(t) d&¢ = 2r A v sin a

.A.P‘a.in substituting Y(£) from equation (7) and integrating,
there ore obtained on the left side for the coefficients of
Ay, Ag, A3z, As4, the following functions of A and ¢E7.



NACA Technlcal Memorandun Ho., 963 17

Fy (Arg‘) = 7 |—-£*5 + g*‘.+( 5 I g*':s

L16AE - 3B2AB 16A% BA®
4 (615 - 5 g*a 3 :|.55 - 3 + l. g‘
an® 1A% - 128A 16 3° oA

1 1 5 1]
+ (A + — - — — + —>
4N 64AN3 256A\° 2

+ 0.280,; (arc sin gt o+ /-]._- E*B_)-}

5
Pa (A, 8*) = [—5—— + (25 - L) et
a(At T 328 64N  16A3

r(A+ X o B+ 5 _)t*+ X
4N 64N> 2567\5) 4

+0.140,¢ (arec sin E* + g*/:_t'a)]

r *4 *3
~;,*=[_§J,_ s+ 3 _ . 5)::
s Ao t7) = 129A°F ( 64N  128A°

' a/a
. ()_\_ + 1 _ 1. - LI - 0,09337 (-1—"'5*2) ].
\D 16A 12823 2048N\Y

*5 3 5 7 4x3
r A * = — + A - -+ = g
s Aot = [128;\-5 ( 543 128Xx")

- (l‘. - 1 + 1 . 25 ) gt + I
2 16A 128A3 20482° 16
) 2
+ 0.035,, (arc sill -t 1 - (-2t ))}

Again g8 definite value is takon for A and for four
points (hero, t 0o, the poilnts chosen were tg* ="~ %

E.* = 0, E," = + %, and tEt =+ 1) there are cormpubod
Eho 16 coefficient's of the system of ecquations
Tv T,(Eu*) A = 2w A Vsina for =1, 2, 3,4, fron

- which the coefficientsw—;A g% 43,A aro determined.
In this panner the A. for A = 6 and X = 2 aro conput~
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od. For A =2, this conputation. strictly speaking, is
at least for g =1 not valid bvecause .thaseries into

whi ch fho radical ‘was developed i S N0 longer convergent in
the 1liniting case f —» - 1.

Finally, equation (6) waa' al a0 considorocd for the two
l[initing cases A -=» ® and A -* O.: Bor tho winz of in-

E ( A
R +(gr-)2

finite span, D,A —» o, . g) becomesa oqual

+1

n

to 1 and tho ecuation goos:-over into / -E,—]-'—g- v{t) &t =
iy ~f
-1

2w v sin a. Substituting the atove expression for ¥(¢),
there is eesily recognized as a soiution ¥(t) = 2V sin a
-%—_: g. which is the distribution given by the poten-—
tial theory. Since as A—so, the spanwise distribution
becomes Y¥(MN) = comst, this solution satisfies:the fl ow
condition at each point of the surface. The seme result
la also obtained-when in the nethod of solution for A > 2,
the Fp,(A, t*) are coasidered for verr large A and this
svagtem is computed. Then there is also obtained A; = 2,
As = As = A4 = 0. The Zift coefficlent will then be eg =

a - a
G- sincc, and the noment coefficient Om = I sin at

whereas, according to the two-dinensional potential theory,
cg = 2w sin a and ep =121 sin a. This is azain due to

the fact that elliptical spanwlge distribution was assuned
for tho rectangular wing; multiplring, subsequently. by
4/m, the two results becone identical. If e elliptical
wing is considered and A is nade to approach infinitr,
thore is iomediatoly obtained e, = 2w sin a and e, = J
sin a since the roforonce area for tho coefficlonts is
nfabt.

O considerably groater difficulty is the linitir=z
cagso of the wing with infinito chord t+ — o, A — O,
Here the coordinntoa mrust be rmade noandinenslional through
the spen instead of through the chord as heretofore: x =

R v, x* = 2 v*. Equation (6) with t - = then goes over
i nto:
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f{ G(:*:V) (J_—_— ’ g) + 1'27} Y(v) dv=2m V sin o

1+(v* )"

Agein it was sought to find for Y(v) n series of func-

- tlons with undetormined coefficients whlch would then be

doternined through satisfring the integral equation at sov-
eral points w*. In this case, however, Nno sorlos of func-
tiors could bo found which at the leadinsg edge v — 0,
Increases as 14i/v ard with.v — », corresponding to
the solution for A = 1/4, which decroases ajzproxinately
es 1/v®. For this roasom, snly tio following sin3zle func-
tions were investizated: r, (v) = —A — ana Yo {v) =

. f—_+:’,va

- « Since a2ag%ain the 2ntesral could bo ewrseluatod
S v + Dv®

only &rapkically or numerically (on account of O0Z|v*-v[(< o
a series davol opcent of thelernel could not be considerod),
it wes necess~ryx, before cubstituting, to assume 3, and D,
respectively, as firod and then, by guadraturos, Set up
A(3,v*) ~nd C(D,v*), recpoctively, for several wTnluos of
v*., |In order to 1init tho integration intorval, it wes
a5alin necessary to neke another trazsfornation:

v = 1

u = . _
1L+ v 1 + o™

—

v=u* ¥
I, (B3v*,4) =fJ _‘“*“*} E L . g\
l. uu u‘: . / te Eu-.u‘:*)a /

Since the intezrand again becarme singular at two points,.-
nanely, st U — u* and uw -» 1 (u =1 corresponds to the
leadins edge, U = 0 to the trailing edge), the principal
values hcd to be approximgtely detormined by aralytical
rethods. The entire | aborious trial procoss, kFowover, not

+

rlg
Ful B
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with |ittle success as tho effeet Oof the various coeffi-
cients or the result was too difficult to estimate. As an
approximation, it iS possidle to sot at nost Y(v) =

1.12 s for the range 0.1 < v < », tke downwash
Y + 2.4 3
Orror with respect tO VvV Sin a thea anounts to about 7
percort - this error, however, strongly increasing tovard
tho locding edge (v < 0.1). Tae lift would ther erount
to A4 = 0,789 b? V2 gin a, oand the coator of »pressure
rould 1ie at s = 0. 219 b.

II'l. RESULTS

B+ the nmethods desceribed, tze chordwise |ift distri-
bution was conputcd for elliptic spenwise distribution for
five asneet rati os, namely, A = 1/4,1/2, 1, 2, and 6, and
sraphically interpol ated for arvitrary A, The results
are presented in figures 5 to 10 and are tabulated in the
sppendix. |n fizure 5 the coefficients for the circul a-
tion functiors are plotted szainst A A; INncreases morn-~

otonically rnd fOr large asnect rati 0 aporoaches 2 as the
asymptotiec val ue. Tae absol ute val ues of the other coef-
ficients increase up to & meximum at about A =3, then
drop rapidly to zero; A ard A  are alwars vositivo,

and A; and A4, nezgative. Tae smaller A IS, the less
rapidly do tbe 4, coanverge, sothat t0 obtain the same
accuracy as for lerge wsvect ratios, a loazer sorias of
functions for the circulatior rust be assumed. The curve

y- Y m}\ shows the increase ir the eirculation IiN tho neigh-
borhood of the leadin=z edge fOr comstant span as 3 func-—

tion of A, since 1ir Y(x)=A; /--12 L here, too,
X -0 AJx

the naximum |[ies between A =4 arnd A = 1. The valuo
for A =0 obviously is in orror, from: which fact it mey
be soen that the givea aBprox[nat[on for Y(¥) does not
correctlr represent the Dehavior in the relyhbornood Of
the leading edgo. |f tho chord is held fixed aad tas span
varied, A4; 1tsolf 3ives the increaso since 1lim Y(x) =

— xXxX-—»0
4, /t/x.
Oz figures 6 and 7 the circulation distribution
Y(¢)/V sin @ and tho pressure difference betweon the
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lower and uppor sidos of tho plate refcrrod to the dynanle

pressure P“a" Po = Z ¥(t) are plotted against the

g ¥ sin a )
cktord. Infigure 6 the abseciesa refers to the chord, ard
ir figure 7, to the span. Iz tie first represertatlon the
1inlting case A = 0 coincide3 with the cnordinate nxes,
go that tho |ift distributione foOr an; aspect ratio lie3
between tho axe3 &rd the 1iulting case A =e@. In tie
second representation tte liriting case A = o coincides
with axis of ordinates. This method nf rlotting |js par-—
ticularly surcentible to error3 in tas circulation dlstri-
bution and sktows thnt =t A = %, a small orror is to be
assumed through inaccuracy of one of tthe Iraphicnl quad-
ratures or the approxi mated principal wvalue. Similarlr,
the limiting case A = 0 anpenrs as oanly a~ verr rouji ap-
nroxinatlion since intersection of the curves wita eaca
other 1ie very imvrobable. It 1a meen, rowover. that for
very snall aspect ratior o furtier increcse in tio caord
hes only a small effect ontke circulation dlstridbution,
elther in tho neighborhood of tae leading eifec or - owing
to tie strong decrease - fariher toward ths rear. Thie i S
geon osrecially clearl- frorm tie curve for A/p »® V2 9in a
(fig, 83, which shows how the totnl |ift iacreases when
the span is nzeld constant and tho chordA 1s wariled.

On figures 9 and 1C tas |ift, irv?. nnd momont coelf-
clents are plotted as function3 of A Thoy ere computed
from tae valuos of A,;, Az, 5, g4 a3 follows: The lift

according to tho Kutta-Joukowsky theorsm 1s:
+b/2

fdrf'f(x.y)dx=—-pVbt(A +_ +

-b/2

s

A

oofi~

21 )
from whica cy = I '?Tr A, + -;- A + -’g A ). Similarly, the
coment about tho leadirg edse i S

+b/2 ¢

,1 n . a [
M=pV ‘/ d-]’"/ ‘\'(I.Y)x dx = 1'1:13' PTD ta <A1+Ag+i.&3+ % -A-d.)

-b/2, o,
-2 1 f

and op = Fo o (& + 4a +-i'-.A.3+ %A.,) and finally the in-
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duced dra< i S

+b/2 t
Wy =p f dyf Y(x,y) w(y) dx
where -b/2 °
+v/2
dw(y) = L a11§&xl éx JLE
41 oy y-y
with -v/2
v /1 /yee ° y
(x,y) = -2—/1 - (575) i:v Ay Yy(x
e aave

dwly) _ . L
e 5% Zv A, Yy(x)= const

on ncecouat Of tie olliptic epravise distritution. SO that

T 1 1 3 a /. 1
71='4—‘—}"<-A-1+—2-Aa+-5-&4) and ".Ti=gEPt \‘.r...;+-é-A.a+
8 a
1 : - S _m3 1 1 1 \
g 44) 2nd Domco gy = T e (Al +Zda +gda) .
a

¢
Eonce 1n thls case also, ;EI =mA. O0Oa z2ccount of the
w

cllintie circulation distribution. tne factor v = =n/4;
hence =ultiplving by 1_‘?; ) to tako accourt of the ¥

factor waieh incroasos with A (deg/dx), increases up to

2m aS A = o. (The factor v was takxen fron the dis-

sertation by A Pets.) ®he induced Ara3 coefficient in-
croaces witk ircreasirg A, has a rcaxirun at about A = 2
and then. Since tae draz rerains firite —while t>e arca bo-
congs larser, drops to zero. The noslition of tke conter
of pressure is obtained fron s = (ey/ey) t. This curve

rapidly approaches tho asrmptote. At A =3, tho devia-
tior from the iimitirg value s =0.25t 1is only & per-
ceat (fig, 10).

The agrecnent Of tie computation results by taec vortex-
filament rethod aith those by the vortex—sheet rethod i S
surprisinglp good, Even with tso vortex filarments tre de-
viations in the coofficients are snall, riereas wita four
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vortex fillaments the devlations becone large .orly for very
déop.plates with A-< 1. (For A = 1. Acg/cg = = 0.4

percent, Aop/eps+ 3.4 percesdt; for A = 1/22 Acpfeg =
- 1.6 percent, Acp/en = + 90 percent.) The irdividusl
1if%t portions contributed by the four strips of tho eur-

face do not agree so well; for example:
Four vortex f ilarents Vortex eheot

Lift fron O - 3t/16: 0.711 bt Veina 0.665 bt ¥V sin o

3t/16 - 7t/16: 0, 264 I 0.274 I
7t/16 - 11t/18: 0.141 n c. 144 i
11t/16 - t ¢ 0.071 n 0.378 "

Tho circulation of the foremost wortex always cones out too
high, ard tant of tke otker vorticos too |ow In obtain~
ing the nomeat thiserrnris partially compeasated by tho
conslderetion that to0 Yarsge icover nrme r.re used for the
three rear vortex fllamonts,wkich do not lie at the cen=—
terse of gravity of AII' 'E'III' .A.Iv.

With both nethods the assurnption of elliptic distri-
butlen over the span -~ phici assunption nakes possibdle the
solution of the integral equation in the case of the vortex
sheet - should be the sreatest source of error. For this
reason, too |low 117t coofficicnts ore also obtai ned. Tho
subsequont nultipvlication by the factor v does not ap-
pecr to kelp sufficiently. ..zcording tOo the pressure dis-
tribution measureuonts oOf H. Winter walch, however, aro 0b-
talned for the squeore plate onlw, the distribution over the
spanats the |oading edge iS approximately olliptle, but
farthor toward the rear - alrostupto the edge - It is
constant, tae edge disiurbances whicharlsefrom the saarp

edgzes of the investigated plate, hovever, not belng taken
INnto account.

, APPENDI X

| "Several vortex filaments: Two vortex filanment8

with elliptic circulation distribution over the span at
x = t/8and x = 5%/8.
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A= & Ap =0,3571 DbtV
47 1=0.0277, btV

A=1 A7 =0,8132 btV
477=0.1050 otV

A =2 A; =0.9410 btV
Ar7=0.24%4 btV

A =6 Ap =1,:280 vtV
A;;=0.4557 btV

Tour

trioution over the

13t/16.

A=+% A; =0.3080 9tV
Ay; =0.0557 "
Aryr=0.0185 "
Ay =0.0058 "

A =1 A;r =0.4876 btV
d;7 =0.1433 1
A;17=0.0623
Ary =D.0273 ©

A=2 Ar =0,7111 btV
N | =D.28644 n

Aprr=0.1405 *

Ary =0.0710 "

sin
sin
sin

sin

si:z

sir

a

a

gpan a2t x

a

sin a

sin a

6y =0.770
cp=0,124
Cn=1.436
e, =0.285
Cp=2.269
¢, =0.540
ca=3.767

cp=0.923

(0.2979)
(0.0724)
(n.0154)
(0. 0067)
(0.
(0.

(0.

4838)
1470)
0627)
(0.
(0.

0299)
6852)
(0.
(0.
(0.

2739)
1442)
0782)

963

sin
sic
sir
gin
sin
sin
sin

sin

Vortex shoot

a
8=0.161 t
a
a
8=0,198 t
a
a
s=0.228t
a
a
g=0,246 t
a

vortex filaments with elliptic circulation dlsg=
t/18, 5t/16, 9t/15, ond

c, =0.7?72 sin a
°w=0'379 gl q

°m=0'101 sin a

s 40.184 t

cg=2.374 sir a
cy=0.897 sin®a
cp,=0.528 sin a

S -'-'00222 t
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\Vort ex shéet

Ay =1,0480 bV sin &  ('1.0068) ¢,=3.770 sin a
Arp =0.4385 (0.4425) . ey=0. 754 sira
Aryy=0.2576 ! (0.2525) e,=0,923 sia a
Ay =0.1406 ¥ (0.1465) a =0,245 .

Jdl Vorter . surface: Exnnvleos for A < 2

P

£ J, = 6.3138 J, =0.6725 I = -0.7284 J, =0.5566
Js = 8.2523 J, =2.4874¢ J, = -1.1575 Jg =0.6169
Jdp = 9..1427 . =1.0623 J,,= =0,7284 J,,=0.5772
Jia3 =10.0892  J,4=5.2087 J o= 0.2581 J,4=1.4508

0.3435 v sin a ¢,=0.3839 sir, a 4A;A/A=0.587 V sin a

-0.3307 “‘ cy=0.1"28 cin®a total 1ift:
0.2994  n e,=0,0287 sin a A = 0.7778 p ®® V
~0.1342 H 8 =0,0739 t

J:L = 6.8189 J3 =0.634b6 J's = -1.0013 J, =0.69586

Jo =9.7617  J,,=4.2703% J,,= =1.0013 J,p=0.5381
J, 4 =10,3816 J,,=5.8817 Jyg= 0.5725 J,, -1.7546

0.5793 v Sin a e,=0.7846 sin a 4,(/A=0.819 V sin «

-0. 4802 " 6,=0.3919 sirfa A = 0.7846 p B® V°

0.3710 ® 6,=0.0922 sin a

-0.1697 8 =0.1175 t
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Aq

A=2

Ay =
ig=
Ay =
Ay =
A=6
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1 J, = 8.1785 J, =0.1265 Jy = -1.1401 J4 =0.8755
& -9.6696 Jg =2.4674 J, = -1.9864 Jg -0.6169

J, =10.6560 J,,=£4.8083 J,,= -1.1401 J,,=C.3583
Jy5=11.3206 J,,=7.0036 Jyp= 1.3577 J14=2,4958
= 0.8182 V sin a oc,=1.4456 sin a 4,/ =0.818 V sin cc

= -0.4424 ¢,=0.6562 sin®a A = 0.7233 p ® 7°
= 0.2149 " ¢,=C.2563 sir o
= -0.0852 s =0.1771 t

Ixanples for A 2 2

T

y =3.6683m Fy = ~0.4078m ¥, = =~0.5898%m Fy = 0.4204m

Fg =3.9707m Fe¢ = 0.7854m F, = ~1.1236m Fg 0.1964m

F13 =4.3408T F1.= 2.1208m Fyg= 0.97327 F,, 1.28165w

1.0790 V sin o ¢g=2.%329 ein a &, /,/A=0.763 V sin a

-0.2389 ¢.=0.8886 sin®a A = 0.5937 p v v"
0.6834 " c,=0.5288 sin a

~0.0149 " e =0.2238 t

F, =7.6568m Fy = —-2.3693W F, = -1.57107 ¥, = 0,9304m
Fs =7.8924m Fq = 0.7854m F, = ~3.1037T Fg= 0,1964T

Fp =8.0425T F, o= 3.9401T F, = ~1.57101 F o= ~0,5377m

« F13=8,1334T F .= 7.04667 Fjo= 2.9898T F4 3.2617m
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Ay= 1.5449 v sin < cp=%:6946 sin o Al/,/:}:=0.651 V sin n

- - a

A = -0.09344 0y=0.7242 sinfa A =0.3079 p b V°
Az= 0.0380g " ep=0.9002 sin a

A4= "'0.00630 " 8 =0.2437't

. a
A= o A;=27 sin a e, = 112- sin a instend Of cy = 2m sin o

Ag=hy=A,=0 op = I sin a I " op =Telma
g =0.25t

Tr-naslation b¥ S. Reisgs,

“otl 0 anl Advisory Committee
Tor Aerorautics.
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